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Language and Automaton

Boolean Function
BV ANA i A R EAEE KA, BP{0,1}* — {0,1}*. fde B RAT R8I £ R H89 7T 31
HM A E R EME KEA 16955 Bp 7T X A5 69 $ # A R B % (Boolean function). & B :

‘«. Booleanizing general functions
M TFEEZEGHKF : {0,1} — {0,1},F£ - REHUBF : {0,1} — {0, 1} 425 —"
Tt 5 X4 BF & Python 425 7T WAk Bl kit H R/ F, RZ Ko
Q FIEHH S {0,1} — {0, 1}, 3% — A Rby$df - {0,1} — {0,1}
f(@); ife=0,i<|f(z)|
bf(z,i,c) =41 ifc=1,i<|f(2)|
0 if i > |f(z)]

AR KAV A ) By Kb f KA B B f ARAF 20 T

Algorithm 1: Compute f by bf

1: procedure F(z)

2 > Input:z € {0,1}*

3 > Output:f(x) € {0,1}*
4: res < []

5: 140

6: while BF(z,i,1) do

7 > res.append(BF(z, 7, 0))
8 1<i+1

9: end

10: | return res

11: end

Language
TAF B A : — AR RBF ARSI —ANFHEOES, INELSEMNMARZA language,
HAMNEHHAAA 1 9N EE,

Boolean function Language
f:{0,1} = {0,1} = Ay ={ze{0,1}"|f(z) =1}
_J1 ifxeA
fa@ = {0 ifogA A

DFA

At a high level,an algorithm is a recipe for computing an output from an input via a combnination of
the following steps:

« Read a bit from the input

« Update the state (working memory)

« Stop and produce an output

Fodm — AN 289 A T4+ B XOR & # 89 Python £ /5 :



def XOR(X):
"'' Takes list X of 0's anf 1's
OQutput 1 if the number of 1's in X is odd and outputs O otherwise

result = 0
for i in range(len(X)):

result = (result + X[i]) % 2
return result

BEZANAF P, EE—FHIBRXG Mo RATRE, BRME—NER IHGOALF RN
#rZ_# single-pass constant-memory algorithm,i% 4% & 3 & 4. 4% #rF DFA:Deterministic Finite
Automaton, A HAH AP, XA RIKSEM. DFA TUARA—APMRESHBE A=, AL
& 4 XORAZ T 79 15 :

DFA

—ANDFA TUAEfE—AWALL: DFAM = K, s, F, 5,3 ¥:
« K:a finite set of states

« s:initial state

«» Fafinite set of accepting states

+ 0 :transition function,as K x {0,1} - K

3t F—AAz b Ny, -z, it H I AE R
L4 80 =S
© 85, =0(s_1,7;_1)

* Sp = 5(5n7171’n71>
« » if s, € F:accept
» else:reject

« DFA M compute —AN /R &y 2 f, 42 R M accept z <> f(z) =1
« M decides — A& 5 A, 7@ X M accept z <= x € Ao

FEL(M)Q & TAEBMIETHFHS, IHGTFHF S KM A ENEZF (Regular
Language)o

> example

&1t —/~DFA, HAHAZEZL: {we {0,1} x| w contains 101 as a substring}



AT R 8935 T AR AR EN A9, E A DFA T KA Za#h, L% DFA 694 B & T 449, # language

A48, B AL language A2 non-regular 89, EN|iEF 3 T @692 H &6

Fin
B

Kleene 7] &,

#h

#iE

Q

8 T DFA 5 NFA ¥4,

A TER AR, HRAVEIEH . K. ANEH4E F DFA, W fEiEEH

[F] €, Ao % 32 B 44 3% NFA.

Union (L; U L,): Let DFA A decides L, DFA B decides L,, A, B % %€ L 4= T :

» A= (Ky,54,Fy,0,)

» B=(Kg,sp, Fg,0p)

#)i& DFA M = (K, s, F, §) (Product Construction):

» K=K, x Ky (REEAEFRR)

> 5=(s4,5B)

» 0((q4,9p), @) = (6A(qA,a)’5B(qB,a))

» F'=1{(q4,98) | 94 € F4 V qp € F}

% DFA JH47# Af= B, A& AR BPA—MNEL, MAEL,
Intersection (Ly N L,): 5 H eMig 2 e40F, E—XAAETETREES F:
» F'={(q4,98) | 94 € F4s Nqp € Fg}

RAY A BREAETHETRER, M T H#HZ.

Complement (X* \ L;): Let DFA A = (K 4,84, F4,04) decides L,. #]i& DFA M =
(Knrs Saes Fary O):

’KM:KA
’SM:SA
» Iy =04

MAESPTA ABROFHE, BRHA ARLHFHE. B L(M) = L(A).



« Concatenation (L, - L,): A T 1E £ Ha93tH 4, & A1A B NFA 69 ¢ 8 45H.
Let NFA N, decides L;, NFA N, decides L, (fRiA kRS E LT E &), Hi& NFA M =
(K,s, F,9):

» K= Kiny UKy,

* S = SNy

» B = Fiy,y

- 8 8.8 Ny fe N, RA A #AS, FHhade T c 545

Vq € Fy, , add transition ¢€sy,

XREAE T B N, RLAF BT BB R IRER, KT AR 2 M3k Bk 487 2
N, 8976 RS LR ER RO T

« Kleene Star (L}): FI##] Bl NFA #7i&, Let NFA N, = (K}, sy, F;,9;) decides L,. #)i&

NFA M = (K, s, F, 6):
» BIN—ANHTAAAERE s
» K=K, U{s
> S = Snew
» F=F U{s,.,} (BAcec L, AradiL ikt tiETh)
» 5 AR RA WA, HIEhe:

1. 8,088 (LHFFTHEE NRALE)

2. Vg€ F,q¢s; ARHERMEZETE, KEFKEH ELAR)

new °

new}

NFA

NFA Z DFA 895 &, EZZ2RXHETFIANT A2 M :

« 5EHE: TR AR T, NFA 7T A4 2] AR E,
o e454%: NFA T AL TRIENFHFOHFHAT RHITREHEAS

¢ NFA

—/~DFA TAHEE—AWT: DFAM =K,s,F,6,5%F
« K:afinite set of states

« s:nitial state

« F:a finite set of accepting states

+ ¢ :transition function,as K x {0,1,e} — K

T K B A A HB B S RTF 4,

» example 1R F L “01” 45 B69 F 55 P 69 NFA:

NFA fA-F A A2 kL DFA £3%, B A€ T AFN EH9RZ. 122, T HERA AR 195
TAMEN,



% L(DFA) = L(NFA)
AE4T NFA 18 A 8915 5 A% 7T LASK — > DFA 2 71,

Q F & #M)3i& & (Subset Construction): 42 NFA N = (K, X, Ay, sy, Fy)s

HAMHE—ANDFA M = (Kp, B, Aps, Sars B :

« &% K, = P(Ky). DFA 895K 2 NFA KRS0 —ANT 4,

- MRS sy = E({sy}), £ E(R) A TMAESL REKE c HABREZMITA
REEL

c BBRZFFT Se K, PacX,

Apg(s,a) = Yges E(AN(q,a))
CEERAFy, —{SeKy | SNFy £0) (REFES Q4 E S —A NFA 8425
KA.
@it 3 4k TTHE L(M) = L(N)e

Regular Expression
—ANET A EN G S HAR Y LT A — A~ E N & i X (Regular Expression,RE) & 7o

Regular Expressions

EN AKX R ABTAT#RBIIN Z LY
a:fora e X

R

N S

. (R UR,): 712 H (Union)

. (R, - R,): #42i2 # (Concatenation)

. (R}): Kleene Star (0 KX % K& &)

U A W N

AR, ENERE XA NFA B 5T AL, FRELAMN,
« RE => NFA (Thompson #]i& i)

AR CeTZ LA ah a9 M B o AT RE K s A= ¢ 32 69 NFA R A MRS i 8] f/ 89
— kA N(s)o

> %%%ﬁ%ﬁtﬂﬂ:
- 2% K e



- %3k X s | t (Union), 3473 #2544

- 4% ik X st (Concatenation) , ¥ 1745 #4:

@ N(s) O e O N(t)@

- k& X s* (Kleene Star) , B 3R 25 44):

« NFA = RE(CKR&H £ k)
stF—/N NFA, T A48 AT & %5 4534 % RE:
1. 47 /4L NFA:

oA R R —AIEIRE, de A SN, MR A — N K A, I e
4% 2 b RS

c CR—HRE: ARAA -ANETRE, WRA ZA, Wi —AHEELKRE 0,
e MR AZ T AREHAL 2 q 0.

o RBANAIEIREC DL 5 RETREA it

 RBEFHETRENL: BT RETRAH

2 AR A S 2

T AB AL BIUFH £ P RS, @F AR ALERGEAN, BTV mEEXNGERE

3.0 EKEq

T RIHENRSq, FIE:

o BN RAMIKED Elq, FRITAHRL,
- BFFL: XA MGEIRED,, WILHR],
- A3F: ¢ kW AF, AR,

X FHE—(p;, p;). it Hop, Blp, a9 378842 K A K

AN, RAEZ AR
i, MRAER B3R

Rnew = Rzn ' (leoop)’k ' Rgut

do RMp, Blp, LA —ABERER, ARy, WHRSH, SHEHEAIA:
Rold ‘ Rnew



4. ﬁ& % 3 ﬁﬁ] ﬁ)‘% J'Fqstart%aninal
SEABE, Kyare Flarima 0, BARLHRE, R AES FH, WAEEEHLH,
R A EBI, WA Kleene £ 432

» example

H b R S gy, 13 540 T 69 NFA:

0,1
([} —
WAL R R

(0/1)*01

JEB —ANE S R EN GG, HATT AE T A€ 8 L xt & 49 DFA/NFA/RE RAERH, @iEfl—/NiE

AN, KAV T A B % 2 32 (Pumping Theorem) :

Pumping Theorem
& L AENET, W']%"’E“‘/I\ik%ip > 1 (Pumping Length), &A% & we L A |w| > p,
%IKTUJK TEIREE 0w = zyz, WA
1 |y| > 0 (*F ]3¢ \—‘”5:_)
2. |zy| <p( Fl'l 3 KA IR)
3. Vi>0,zy'z € L (F 8309 7T AR & K)

Q

483 )5 32 (Pigeonhole Pr1n01ple) X DFAM A p AARKRE, HTFTHEEKEn>pH
FHE, REIHREFIIKEA n+ 1. RBERFRIE, AR p AT
gAY, CREVAHAREqHIT TR T AR, AV AL E Z 8] 6
LA y. BA M RFHZHE, BFyEERY)HEDERKRE q, REN
Ae B XL RS

» example

1X 4] #] Pumping Theorem iE#{0™1" : n > 0} 7~ & 1E N &9

]



Q

1% Bl BiE * (Proof by Contradiction):

1. B8 L AEM A, X p # 3 Pumping Length.

BT S w=01P, 2R we L H|w =2p>p.

A& #% Pumping Lemma, w T VABAE zyz, #HA |zy| <p H |y| > 0.

BA |y <p, BwAWp N0k, Frdy bARREE0FE y=0%k>1).
i =2 (pump up), # & w = zy*2.

cw FOMKEN D+ ko

cw F1AKEMA po

cBAk>L, TA0MRITRFT LHHE,

6. w ¢ L, 12iX 5 Pumping Lemma #9458 F /.

~

DB, BIRARE, L AR ENES,

o B

~

PDA
DFA e £ — /AT & 694, (Stack)# A ak, T T 4 & AL (PDA).

. PDA Definition PDA £ —A5x 4 (K,X, T, A, s, F):
« I': & F %% (Stack Alphabet)
« BEIHH A K x (ZU{e}) x (TU{e}) = P(K x (T U{e}))¥(q,a,z,p,y)

BP: RS q, BN a, REKA z > HHIRE p, EAKRA y,

Algorithm 2: PDA Execution Logic

1: procedure RUNPDA (w)

2 > Stack allows Last-In-First-Out memory

3 “stack” «— Empty

4: “current_state” < s

5: while input not empty or epsilon-transition possible do
6: > read_input, pop_stack

7 if transition defined then

8 > Update current_state

9: > Push new_symbol
10: else
11: return Reject
12: end
13: | end
14: | if current_state in F then
15: return Accept
16: | else
17: return Reject
18: | end
19: end
CFL

FFLAXET, —NiEFALTFTXUAXM (CFL), ¥ HLY A& —/ PDA iRAZiES.
L(G) = L(PDA)



FRIEEWA: CFL A E RFHH]
Grammar

CFG

Turing Machine

Turing Machine
A Turing machine M = (K,X,s,6),where:
» K:a finite set of states

« Y:a finite set of symbols,which must include {0,1,>, },where > means the leftest of the
tape(tape start with >), , means empty part of the tape

« s:intial state

« d:transition function :K X ¥ — K x ¥ x {L, R, S, H },which means:for a state k € K,and
a symbol a € ¥ the transition function returns a triple (k¥’, a’, d),k’ is the next state, a’ is
the output symbol, and d is the direction of the head.Some triple (k, a) doesn’t have a
corresponding triple in ,which means that the machine will halt or refuse
» L:move the head to the left
» R:move the head to the right

» S:stay at the same place
» H:halt

LA RAREBIF A, B R A A RAM(x) = T[] - T, A PT[+ 1)R %A= a,,
# B RAAAFE BN EAEM (x) =L

compute function
A Turing Machine M computes a funciton f : {0, 1}* — {0,1}*if Vo € {0,1}*, M (z) =
f(z)

BT o oy 5 0 T — & TR AFALeg B X,

NAND-TM
NAND-TM ¥ VA& 4 2 NAND-CIRC ¢4 &, 72 6 F a9 L sl Lo T LIRS Ao B IR (X 2 49 15
IR AT PAFe by N K) AE 2 AL 8 AL & K A9\

=T VA ) 3 = Bl — F NAND-CIRC & % : 4 — T #i 4= [a = NAND(b,c)]

NAND-TM & 5 :
o QIERI R LA
» ixinteger value, Fl E 4L 2869 T A%
» other:boolean value
c LERLT S
» scalars:boolean value
» arrays:FT A 69 3 AR TSR K 42 26 Bl — A index
o EYANXAod Y AR R Fa



« B8R G — 1T A — /A 4F7k 454 MODANDIUMP:modify i and jump to the first line. 2t & % 4N A\ :a
#= b.
»a=landb=1li=i+1
»a=landb=0i=1i-1
»a=0andb=1i=1i
» a=0andb = 0:halt

o default value:'% 7T AN T A B2 69 M45EAR R 0.0 T R ay E — (2 R A KB AT
(#45 0)ERAE B RXBANT 0,&MT AL L —AN4E T84 valid,valid[i] = 1 B Array[i] 894
T A 3%

5 NAND-TM example
HAVT AM 3 —A NAND-TM A 5,7+ HHH#Y = X + 1

¥ 7T VAGEBA 69 2% . — A~ NAND-TM 425 5 F— 46 B Z 4

». NAND-TM <=> Turing Machine
NAND-TM program #= Turing Machine ¥ 49 L& A VAT 693+ & X %

NAND-TM  Turing Machine

scalar variable states
array tape
i head

i:-1/+1/0 head:left/right/stay

Q

» Turing Machine = NAND-TM:
» EATT LA [log kA scalar variable & Za#% B R MLEGEAN IR S
» Al [log| S| 1A~ 2k 28 %% 25 ) R ALEY tape 2
» F A~ scalar variable sk %m 45 B X LAY 3% 5 K 69 4R 4F:

{L,R,S,H} — {01,11,10,00}

- it E @R B RIS HHS K x X — K xS x {L,R, S, HY#tik%
R T NG A 0-1 FH B e EH {0, 1} lee K1+ ogS
{0, 1}“OgKH“"g|EH+2.xiE§‘{J’:5’ By N Ay b AR & B 2 89,80 £ 5 —A™ finite function,
# A £ — A~ NAND-CIRC(ie.4F P-CIRC) ¥ VA F it #6738 i 454~ MODANDIUMP 75
Bk b 69 RS P4, BR T AMF B B R LR B KA B T ik

« NAND-TM = Turing Machine: 5 £ & &9 % 3 £ X, 7 B R AU 69 T & R AL 5
NAND-TM ¥ &) T.%.

W AR m— 335 k48 ik NAND-TM A2 5 £ 0 ARAL 155

. GOTO:Bk#: 3| L AT

o WHILE: /2R

o AT AR 3 49 NAND-TM R A — A index, 5 W) 7T VAP % i A 4545 % % /> index
o ATSLHE 3] 89 NAND-TM 09 £ 20 HR & — 4 304852 W) o] UAPR € Ak % 4 4k 4



NAND-RAM
NAND-RAM(Random Access Machine)Z 3 NAND-TM &9 3t — % &7 &, § A LI AR H AL e
BT B ) AR L RAZ R A AT

o BT T T IALMA REH S AR T A RLEHCR 2R T e 5Kk

o FALT R BRI B AR A R B B TR T B R & A6, T VAR i S e Alexpr] 6935 &, Bl & A
K expr 0925 RAER & 51 KRB AH 4,1 X2 5 NAND-TM 89 X 4 X A

o UREAGAE A NAND a9 Fah b 380 7 83 H HG2 L (Fm e R, IR P A A2 AR AF o S 1 3k 4%
SESL CERS

R £ 89, %A1 4 T VASE B:NAND-RAM 4% /5 < NAND-TM

FE LR R A iF ZARARAR R SN 09, b £ 6.3 Minecraft 894 G A

= The Church-Turing Thesis
WA AT 2 S ok B (PP B A A ) T S 60 AR A — & B R AL ST
o KR AYFRE,mAF—NBAE T R F R Z LA T AT R IAZG AR
AR TR Cfait AR NR H 1803 B R IR BAZE T F)AHER 5 B RFHX—
¥
o AT B RAAER T HE AR G ML B SRR B 69T o O AR LA A A E R
MURT it S

Universal Turing Machine
P RAUBE ST VAR AR ST AR AR A, 2 L — 6 B RAUS BE ST AR 2438 5 R Agik g, LT A

B R #(Universal Turing Machine) &7 i& # 4.

¢ Universal Turing Machine
BRAEINA—EHHRGE U, EMAL T — 6 B ZAM 69153 (5 2) AR M &3 A\x.

| M(z) if M halt on z
U((M),z) = {J_ if M does not halt on x

o U8B AM o b 4935 T & T
o SRR T B RAUT DR S A — A A b e IR R T T AR ALY B it A
C UKS A B 8 B FAL 20 AR E T A B 2L B AL T 3t 589 58 A b

Uncomputable Problem
R, B RAKE o st 3% K AL A 3 5 R A R R R

3 a function F* : {0,1}* — {0, 1} is not computable by any Turing Machine,and this type of
function is called “uncomputable”

Q



the set of boolean function is uncountable,and the set of Turing machines is
countable(because Turing Machine can be encoded as a string).

The number of boolean function >> the number of Turing Machines,so there must be a
function F* that is not computable by any Turing Machine.

Q
let F*(z) be:

F*(z) = 0 if z is a encoding of a Turing Machine M and M(z) =1
~ |1 otherwise(z is not valid encoding or M(z) # 1 or M(z) =L )

Assertion: F* is uncomputable

KR BAE R ARR A A B RAM* T it H F* Bttt &o, M* (z) = F*(z) L E1540,%

M 8 & 69 5 A5 (M) AE A N

« BIAM*((M)) =1LUF*(M))=04F/F

« M*((M)) =0 or L& FM*EAFHFTARGEZM*((M)) = 0,0 suiF*((M)) = 1,
FAETE

BN B XA B RALM™ it 9% 1+ S F

AR 75 ik R LG 3 B AR E

Halting problem
% #L17] A (Halting problem) -2 — /AN % 69 £ &4 B R AUA% 2 49 1] #2:Given a TM M and a string
xz,does M halt on z?

HALT (M, z) = {1 if M halts on z

0 otherwise

Q
B A A B RAMy T A S HALT o 28, 0 AT uAM)iE — & B RAUM* Rt HZ 77
€ S ABE B 3 R T i G B BOF
LM $MAATFH B0
2.M* B AT RERIENE RIM, 69H ARG, 5 T2 N AdEHE 1
3,550 RAT At M M BRI A A 8 Mgy (M, )
. E My (M, z) = LM, Az EABAU), 0 M* T AR5 7 M, (2) /35 4 £
A 1, ARYELE R e e M* RS B9 %
v EM, ) = LM 0
> %Mw(w) ?é 1,}H']M*iﬁ$ 1

XA M* S AAFH AL A T H P AN Q2R F* R VT o 69,3 = £ F

in
o+
et
Pt
i



SUAR R A IR AF HUIR AL - R ST 3t H 89
L@ aiE AL KIEB R T AL A,

. Reduction

A reduciton from F to G is a computable function R : {0,1} — (0, 1}*,such that F(z) =
G(R(z))

BP e 3R AR AT A8 18 1L AR B 1] AR B R AR 2 19 AL AL R AR [P] RLA ST A3 29 £ 9] 2 B

=| Reduction Lemma

Suppose that there is a reduction R from F' to G.
+ If G is computable,then F' is computable.
+ IF G is uncomputable,then F' is uncomputable.

MAZHUE AL R, RV TT VAR B £ % Rk A B ROAUAE B 69 5] A, 7T VA A AL 24 64 8 B 3L R T o
HE: e

+ HALTONZERO:Given a TM M and a string x,does M halt on 0s?

« ZEROFUNCTION:Given a TM M and a string x,is M (z) = 0 Vx € {0,1}* ?

AT VALE BR 3 7 A [7) AR AR 2 R T 3+ 69

Q

HALTONZERO(M) = 1 iff M halts on 0s

%2 — A~ HALT ] A2 49 5% ) B8] R LM Aoty N F 55 & o, AV E ZHIBT M A E o EAFHL
g B R LM,

W ESTR-ETT N
o BBUR R MM Ao k8T H

%Mz EAEHUAR 4 M, EALFT i N (646 0s) EAR2 1541, 0] HALTONZERO(M,) = 1;% M
Fex £ RSB M, A AT 3y N B AR A% AL, HALTONZERO(M,,) = 0

P A-HALT(M , x) = HALTONZERO(M,, ), B 9 4% #L 1% 2 1= T ++ H, B vA HALTONZERO [¥] %%
RV N

Q
Vz € {0,1}*, ZEROFUNCTION(M) = 0

Rice’s Theorem

HEEF M do B TFAEE G N, A M (x) = M’ (), WARE ZALM A= M’ 5 e 5
(functionally equivalent)

A property (function) P : {0,1}* — {0, 1} is semantic if P(M) = P(M’) for any pair of
functionally equivalent TM M and M.



% Rice's theorem

TP :{0,1}F — {0, 1} & — AKX T B RALAGE 6935 UM i, BLid 2
o dF-F FUH (nontriviality): A 7 B R AUM,, . f£45 P(M,,) = 1L L E £ B RIM,, 5
P(M,) =0
s R AEF LR he P B RALE RN EAEAUA G B RALE RN B4
89 TNZ A
» RN R IE-F UG R AP B RAKH £ 1 ANRE TR B RAUER X MR P
VAIX 5o P R AT FLAY
« & M (semantic): 2 F & B R ALM A= M’ i+ H 48 B 69 5 B (Bp 20 A 35 40), 0 P(M) = P(M")
r B RGE SR A P B RAUE T N L2 AL A R ARASE Z AL AR R 69 R £, )
CMEZTHMAN LT AR,
» iR E LA de P B R LA AR 50 AR B AN B R AL F AR R 69 R 3L
BT RIRE,CNTRA R &R S K.

AR 2 VIR PRSI 69,87 by PR T 7+ 589

Q
BV T VAR i 4545 AR AL 29 )45 5 2E - LAY 5 SUPE R PR AE i — R 52,

fBIZ P 3E-F FLAG 35 UM L, A Rk — A b AR X T K R AF AL B RALM A
P@@Q:Qﬂ%ﬁ»@iﬂMﬁﬁ&P@@J:1

ML R
o HrN—AMEUE AL A E (M, x)
B — G ATE XM, R

MM,
« M,/ WM NR T Hy
« T i Ay
» e —F BN R AR BB AT M ()
> B M (z) 15400 FF AL R 4 AR BB AT M (y), 4 B S #r ek
> M (z) RAFH M, 5 R AF
A X AAHIE T
o« FM(z)FHN A TAEEMAY.M, (y) = M, (y), B P(M,") = P(M,,) =1

o M (z) TAEHL R M FAE B S Ay, M, (y) =L, B{P(M,") = P(M,.) =0

H®:HALT(M,z) = 1= P(M,’) = LHALT(M,z)=0 = P(M,’) = 0.H 3L, 5 P=%
T4 H 69, 045 AL ) 28 & VT 3 69 A% AU R S 7T 3 3 PR T i

Rice /€ ¥ & BAALAT X TALZ 5 7 fig 69 3 F JLR) RLAR & A ¥T H 52 89,

BP R A e — AN 09 i e B AT 3T SAZ - AR LR T B AP BAR 4T (T dE AR AL £
)89 PR, R B AP R R R R RIS B AL ik 2 RAR TR B o2 e BAT R R G B — /M2 PRk
R b IR AL w5k RAFIB R — 1T RBRE TR

Quine Problem

F XM —F AR T 5 B —/ python 25 L4 b A F 69 K2

— AN E GG R AR B print KRB iR B — f KD



def f():
print("def f():")
print("print("def f():")")
print("print("print("def f():")")")

M TENT — AN SR AN A FRBIANFFERR AL FELXILZ—AA5R
(Self_Reference)sk B & #I(Quine) ¥ A, £ 7T i+ H ML S P AMX 2. £ E FE /B M,
CREH B T A9 G A i i e kAR B2

B E — A B RAUM, I B 5 605 (M) b 12453 .

T Mo A, BR 3R 4:

o A A5 BRI G (B) Hrth £ 4

. B A5 AB %A (AVir 1455 b

. R X H(A)F(BYMGz B

TN A FHINALE XANE R R EXB——RET AR LT BT 5 h(B), € XBit L4185 —
F 89 5] AL

B A% 5 AN g < {0,117 — {0, 11 3 F — AN Aw, Jebi i — AN R4 50
g(w) = (M) 18 RAUM,, 8 5h & Fy 34 T4 £ 64 A, 2 Hrwhiy th B) 26305 b B Joniy g 2 7T 3 49
#T R RgRMEB:

B = on input w:

+ compute g(w)
+ write ¢(w) to the tape and swap it with w,we get g(w)w on the tape

ETRBABZ LA

A = on any input:
« erase the input
+ write (B) to the tape

A H 09 52 LT ARRIBEAT Afe B 2K L0 A B2 XA T A

(input) z |[— | (B) |[—| ¢((B))(B)

B 4 g 89 8 LA R Iq((B)) = (A), TR BAAET —ANT i h B & 4869 B R AL,

o BB R ALRE S B 5 %D AT DU @ Aol R IRAT 8 F B R G T L — A £
(M) Fot T 3 f (M), )

Recusion Theorem

% Recusion Theorem

For any TM T that takes an input (M) and x,there exists a TM R such that for any z €
{0,1}*, R(z) = T((R), z)

8 B AAT g —MEFR A M AN LT AFN T E XMT AR A & 69 R FagtE A
MNETAAT A

- PN

T



VAT &%k A DeepSeek:

BE—APIEARKBLLEK:
o« B AT:E 2 —ANIE A E B Ao 3k ME S, AT E A 4R1E
o BFE W E B AE—ANBEARALL AL Fao b, B 7T APAT VAT 324E:
. A B C 8 R T A (R)
» ¥ B T E RS S AT
» PATT #9314k

MRANE £ skeit B T 69 3 B AT VAL BT R AR ) R

%R LA AR B AT A P 3RAF 8 F 9 R ST A R AN A AT G Gt S A
AN EE XM BIZEINTEA T a TH%RD AR AT S A 5] AEHEHE

» Quine Python
Tk B 69 b B & KDY python 42 57, 2 F — AN E LA

s = 's = %r\nprint(s%%s)"
(s%s)

) d ATV AR B 38 )3 % 32 F A7 AT AU AR 69 R 9T o+ HopE

Q
A AXAF AU A& T+ H 6 M ie — N RALM:

M = on input w:

+ obtain (M)

» compute HALT(M , w)

« it HALT(M , w) == 1,loop forever
« else halt

Then,for any w,M halts on w iff halt(M, w) = 0,3X 3t = £ T F &
B HAFHUIE] R A T i 4G

A A 58 I AT A E U — 2 H Al A AL R PRI 69 1P] 88 R T 7 69,
We say a TM M is minimal if for any M’ functionally equivalent to M,|{M >] \( ")
MIN 5] 224 N —AN B RAUEG 2 20 (M), FI BT (M) 2 & & #8069, B0 TS A 12 3 it S M2 50 25 8 48 49
B R AL IZ Pl A A R o Y

Q

1 if M is minimal

MIN(M) = {O otherwise

TBAX A 12 B AU My B8 FIBT MIN 2] 28,4 B 3% )3 52 72 Hyit B R AUR:

R = on input z:



. K138 9% (R)
+ 4n=|(R)
o R FTA K> b TR B (B K A RUF):
> A MyAe & s, Myy = 0,0 285 F —A
» B My (s) = 1,0 & XK s A 7 A B RALM 89 G 2 AR 0B 4T M, (2)
» —EARIF 4 R 5 M, (x)48 Bl 49 25 R 174
o BT ERAVB R IHEAT AR AR A A ALE, LB R ARG IT AL LR 4G |G — & & L AR
ARZAARBEANREN T AT, %D KGMIE M, HEAGC 6 H

X FAET FERXET At a THFEMERHDL L KGBIHIEM,,mBLAM,
2}%}5—%2%,—g?jﬂzﬂ_ﬁ€%#&']‘ é{],_I%MMIN(S) = 1%j§¢h!$l]E#R‘MMINZ:ﬁ&

Fixed Point Theorem

BERROTA S EHERBEP LG —ANAERCABTT —NEANGF RS THEETHHE
AT R miFR AN, RBRA, 8iFF),EH5E6—NMAF A2 THREFIGEFER
2515 LEF0.

‘.. Fixed pointed

Aot s {0,11F — {0, 1)* H —A T it 5160 5 44 B (1] 4o, — A2 7% B AR AL 4 A2), IR & 7545 —
AN FALF S AR((F)) A A B ZAUME %3, B M 5 F 5 ik %4

Bp a4 5 5T i S A9AL B K et e B — AL P 22 5 496 69 RABE((F)) P i 4942
B 5 R R S F AT %A —AF.

Q

g — AN H 64 et RAVT AR T @ 4Y 7 kMg

o RX—ANHEBHE R AT

v THES M N — /N B R AUM Y % 88 (M) Fo— A 58 40 A

s T RE A 3 St ((M))4F 2] —ANF7 409 B R ALY G 8t (M), 2R BB IX A B R
PLBYBAT, It b 45

» B XAEEHTM),z) = Ut{(M)), )

o BTRAME &Y

s HE R A A B RAUFAE TR o A F (2) = T((F), z)

» RNAT@ BT Z LT F:F(z) = U(t((F)), z)

« RU(F)),z)EAt(F)) A Az Loddml B EF5t((F)) & Ao LT A%
B3 —F & LEN

1) do ABAX A — AL Bt A A3y NO9AL T Sk #EAAKAD print ("Hello World!"), & FEARIEA £ —
NP ARG T AL Je

o FAZBTA AT A TR )T 2 3L RIE T A E] X — &)

« 42 RFF KA print("Hello World!"), 0 R4THP—K Hello World!(PRIEH: A AT G 4T FF 89 K K T

%)

Godel’s Incompleteness Theorem

RT#PRELIING N ERHTEATERANZE .

ol



A RAAAE T R B AR F 1 2 —ANZE A ATRAHTIE), —B(ORA F A NE R RT1E
RAZ &R BHAT I

. Godel's incompleteness theorem

—MER R RV EAFREEST R F:

o A 3P (Effectiveness):iX V2 — AN B A2 € & Mo lE it et AR A A IR T R FIEtR G
ATt BAEH.

« T3 M (Soundness):%e RV (z,t) = LR Az MA E(BPz € T),BPiE B N2 9E H R o AL

+ T4 M (Completeness): 4 Rz Ay A AR A B A XANUEAFV (2, 1) = 1,77 B A Ao RLAR T IEE.

TR A b 3 T RS AR (R AR R R) L — B A 3T RGN B A B B RV SE M AR

TE M R L.

Q

¥ )2 25 5] HALTONZERO A AT H A H4n“B R M AN 0 E12H” &

‘BRI M EMN0 LRI 94 A ELH R T GE—ANTHRLTEWIER R

% V 7k 24 HALTONZERO # A& 7T H| 2 89,3 X 5 L KT H 2 M5 g

BXV AT WTELZTKOIER R 4.

ZHZM A0 LRTIEIMEH k.

FAT HPAIT A AT AL
HEATROFEBIMEAFELZIEA RV EEtRTA M £ 0 _EI12H 494E
AH e AR B i “AE AL,

« MEFTATRGFHBINENELZIERA AV EEtREER M A0 ETRMZH 89
LZISEE FeE U8 = i

BFVATHEFLZEYGAM A0 LW EL2AZ LB AL EHE—/UER ¢t

AEF).

B b XN R s A B A R e X EohE RNV & TR AL, T /G,

FRVAE AR V A AR BP 3T T XN BARG A G ELS T AT 5 L7 &L

Quantified Integer Statement

= L #i% 5) (quantified integer statement) 2 £ E KR L AT E. F=. EHKZH(+, x)-
X7 (=,>,<). FHEZBF(A,V, ) F2 8V, 3)#’7)&@6/\%
» example
. L REAE:

—3aTFbIcIn, (a > 0) A (b>0)A(c>0)A(n>2)A(a™+b" =c")
o A FROE A

VnIpVaVy,(n >2)A(p>n)A(zy > 1) A(zyFp)A(zy Fpn) A(x>1)A(y > 1)



BATIT AGE B AARF) R P AR VT FI R 69 B P — AN R EEHE PR E A A(BF EVAL
oy 28) 99 1] R RS T H 2 89,

1 if ® is true
0 ohertwise

EVAL(@):{

Q
i B B 75 B AF A 03 29 BAF AU AR AT TAE & 69 B RAUM Aol No H)3E — DB ERIE S
@M gt,/fi’f"?‘

M halt on z <= @, , =1

ATos WA B A FWHEAGE Q) 66,8 EVAL R T A R T AR R EE-ANTE
B2 &6 IE ] R LRI IET e, & W AR ATRE T LAE i R S0 b 338 & iE Y] R F) 2 EVAL.

3T A AR R FIE RN T &b € 28 a9 — AN B AR 5 2L 69 524
Running Time

Running Time of Turing Machine

¢ Running Time
KT : N — NA=ANZFARE RAMGEATH AT (n), 30 X3 T RS K nfelt & oz €
{0, 1} MM Nx L& & % £ET (n) F RIFH
BT, AT A L — M R 38 % S TIME 1 (T (n)):
TIME;\(T'(n)) = {boolean function F' : F' is computable by some TM with running time T'(n)}

BAT B ) B 58 % & — A nice function, B i £

« T(n) >n(EV ZEBURN)
o T(n)ZAEB MY, BP 3T T ARK 69, B ATEF BT (n) 4 B G ARK
« T(n) A& T AAEO(T (n)) 818 A o+ 5

P and EXP
EZ ENEEE

P=U._143,. TIMEgy\(n°)
38 F A )
EXP = U,_; 54.. TIMEqy(2")
AP C EXP

Running Time of NAND-RAM Program

Running Time

AT : N — N A& NAND-RAM A2 f P 4935 47 B 18 H T (n), 4 34 F 57 A 4% K tnAett & 69
z € {0,1}", PR Ne EAEPITR 5T (n) 17 B 1540



AT, AT 2R SL— AN R B A9 S TIMER o\ (T'(n)):
TIMEg o\ (T'(n)) = {F : F is computable by some NAND-RAM program with running time 7'(n)}

TM and NAND-RAM

‘% equality of TM and NAND-RAM
%t F —A* nice function T'(n), A :

TIME (T (n)) C TIMEgR (107 (n)) C TIME 1y (T(n)*)

Q
« TM — NAND-RAM:TM 9 —F T VA B % 4L % RAM 45 44 40l
« NAND-RAM — TM:NAND-RAM &) —47 3T VA ] TM ¢4 % 3 X, & 4% 3oL

it A RAM AR FTZ LA P A EXP 5 TM R T P 4= EXP 2 %0 X5 M9

Universal TM and Universal NAND-RAM Program
IR AT A 5 2] F AV Sl A 8 R B RAU AR AT FAE & B RAUM Fediy Ao, AR A

U(M,z) = M(z)
A A08Y 4 5 4238 B NAND-RAM #2 5 U 4% 4334 T4 & NAND-RAM #2 5 PAedis Ao 47 A -
U(P,z) = P(z)
EPEr LW ATR B AT (|z|), MU P2 AT B 18]
O((P)I” - T(|z]))
HP bR R B ALY T AL R S 1 K AE 6
Time Hierarchy Theorem
‘. Time Hierarchy Theorem %t T4£ & nice function T : N — N, A &£ & #% F : {0,1}" —
{0,1}i% 2.
F € TIMEg o\ (T(n) logn) \ TIMEg sy (T' (1))
P A 42 B F Kk —/~ NAND-RAM #2 5 £ T (n) M % 2 {2 & % #£ — /> NAND-RAM #£ 5
T AT (n) log n M g %

Q
T A AT HUE) AR

1 if |P| <loglog|z| and P halts on x in 1007 (|P| + |z|) steps
0 ohertwise

HALT, ((P),z) = {

. B7 % LHALT, € TIMEg (T (n)logn)



Q

%|P| > loglog|z|, A& E 0,% Wit BT, = T(|P| + |z|) &Pk z LiEiTR

% 100T, ¥ . BEMF4HA O(|P|° Ty)

« B F|P| < loglog|z|, B N &K En = |P| + |z, A |P|® = O((loglogn)®) =
o(logn)

o BBITTH A :0(T, - (loglogn)®) = o(T(n) logn)

« B 5 2:HALT, ¢ TIMEg,\(T'(n))

Q

BAR A BT A O(T(n)) 8945 A5 HALT . #i&E42F BT
WM FHP 2

HH m = |z

KB R DB n 1EMF |2 <loglogn GXAF&y n BELKBE n= 9(22\4))
Lx A 2 BABKEA n(E @k 0)

BAT A TN (z,z), HFEWE b

WmE1-b

PAT BREATEE: FHITAEOM) MER, nAHh 227, FHs5 P AW
BRI A O(T(]2| +n))o W1F T & nice function,T'(|z| + n) = T(O(n)) =
O(T(n)). 12 B ¥\ 2 L8947 45 A3 (2,x) 69N F /& -

e R A(z,z) =1 (M 2 & z £ 1007 (|z| + |z|) % A1), W B(z) =0,
{22 x £ B 24T 1007 (|2] + |z|) F(RAHZRMA, W ABTEEE
Y H T(|2| + |z]), F/E.

e %R A(z,z) =0, M B(z) =1, 12 B % 100T(|z| + |z|) & AEM, F /.

SN

By B 18] B R 5 32 T S
« P C EXP,BP & 75 & $ 7 36 ne 18] o7 7 HA2 % o X 1a) R =T 4+ 5
o BRI R EE: R S AT R S R

Complexity of Circuit and Time

stFRFREE F {01} — {0,1}, &AMTASHEMN REMAKEGEIE T 5

ES0E, {0,137 — {0,1} & F & n{zd N L& IRE B F 694 AR A n 4%,
« # F, € Size,,(T(n)) 4= X &£ KA T(n) 8 €36 (NAND-CIRC # 7)1t 5 F,.
« #% F € Size (T(n)) 423 FTHA n, #H F, € Size, (T (n)).

S He:

« F €8Size (T'(n)): s THA n, #4 NAND-CIRC 425 P, 3 TH A z € {0,1}",P,(x) =
F(z), B P, 8 R (1R RA T T(n).

« FeTIME (T(n)): AEBRXI M, FFHH nfze{0,1}".M(z) = F(z) B4&T(n) ¥ A
fF 4.



w B 53 E A XA
%t F4£ & nice functionT : N - N, #&
TIME (T'(n)) C Size (T'(n)?)

Q TE B & 3

LR BERMM. Tt FmAKE n, H4£E€5% C(NAND-CIRC £ 5) LA n N
Ay O(B) AN 1 N s, 3% THF 2 € {0,1}™

C(z) ={1 if M(z) halts in t steps 0 otherwise
#)3& 75 i Ff B R ALEG A& By (configuration) 5 7)) & FF, & /N& B B O(t) AN AT, &3t

K By B AR By B T A B 80 4545 % B 30 2, T DUR O(1) /155 9L s 1 8
A O(#2).

ZitH M A T(n) ¥ AME, §%0(T(n)?) M1E—FRLTFE O(T(n)?).

EEEW N AL 3

Ppoly = Uc:1,2y3,... Size (nc)

X F:
1. Pg ‘Ppoly
2. HERTHSLHE By, b

Q BERTHLHHAE Py

FRERATHHAHHEF:{0,1}* — {0, 1}/ F, 2 A2 BFHH 2 AZETLHHARE n
AT B T EATRT AR 6 F A (G iF AP A i) ik & 3 T HA nF, B ARBFHE(E
% O(n) A1), B AREEHH(FZ 04T, Al F € Size (n) C B, 12 F AT .

oly>
¢ 3SAT Problem

The 3SAT problem can be phrased as the function 3SAT : {0,1}* — {0, 1} that takes as
input a 3CNF formula ¢ and maps ¢ to 1 if there exists some assignment to the variables of ¢

that causes it to evalute to true,and to 0 otherwise.
» 3CNF formula:

i.e. a formula of the form Cy A C} A --- A C,,,_; where each C; is the OR of three variables or
their negations.

5 3SAT problem

since the assignment z = 1101 satisfies the input formula.



Zero-One Linear Equations problem

The Zero-One Linear Equations problem corresponds to the function 01EQ : {0,1}* — {0,1}

whose input is a collection E of linear equations in variables x, z;---z,,_; ,and the outputs is 1

n—1>
iff there is an assignment x € {0,1}" of 0/1 values to the variables that satisfies all the
equations.For example,if the input E is a string encoding the set of equations

Togt+xy =1

Ty + Ty =2

then 01EQ(E) = 1 since the assignment = 011 satisfies all three equations

EREFNA XA R ERmE M AR Rk TEERARRA 0 R 1,542
To+ T+ Ty =2BREANAZTZFBIFARANN L

Subset Sum Problem

Given a list of integers z, ---z,,_; € Z and an integer T' € Z.We need to determine whether or
not there exists some set of the integers taht sums up to 7".That is for z, -z, ;,T € Z,
SSUM (z, - T) = 1iff there exists S € [n] suchthat} _z, =T.

€St

Tp—1s

Note that the input length for the subset sum problem is the length of string needed to encode
all the numbers,which will be approximately [log T'] + 3>  [log ;] since encoding an
integer x using the binary representation requires [log x| bits.

polynomial-time Reductions
BALF, G {0,1}* — {0, 1} R AT & b3, — AR FEIGH 5 7 X 2 £ F R T3 FG
a9,

Polynomial-time Reductions
Let F,G : {0,1}* — {0, 1}.A reduciton from F' to G ,which is denoted by F' < G, is a
P
polynomial-time computable function R : {0,1}* — {0, 1}* such that for every z € {0,1}*:
F(z) = G(R(z))

LAY E AR AR F < GHG €PN F €P.
2

Q

WF GeP, HEANEZAXBRAGHEE M, TAE On®) HEAAAZ G, BT F<
p

G, AE—AZAXM ATt HHH R, Lt HHEH O(n*),

HMNEA F g —AF AN R H & My TNz (KEH n):

1. 247 R(z) #% yo. BT RRSAXHF AL, |y <O(n*), BRX—FH Lk O(n*) bt
18]

L BAT Mg(y) BB R, E—F % O(lyl°) = O((n*)°) = O(n*) B,



3. dhih Mg(y) 8945 %.
BB L AER O(nF +ne), BMAXT nt5AKX. B F e P.

Transitivity of reductions.Since we think of F' < G as saying that F' is “easier or equal in

P
difficulty to” G,we would expect that if F' < G and G < H then it would hold that F' < H .Indeed
p p P

this is the case:

=] Transitivity of polynomial-time reductions

For every F',G,H : {0,1}* — {0,1},if F < Gand G < Hjithen F < H
p p

p
Q
X R, RAF 2| G&8Y, Ry A GE HWMAY, ZXHH R(x) =
Ry(Ry())o

1. EHM: H(R(z)) = H(Ry(Ry(2))) = G(R, (2) = F(z)e Btz & F %K
% R(z) & H ¥,

2. %% R, £ O(n%), R, #£8 O(n). & R (z) MW KAREH O(n%).
#AE NI R, AR EN O(n?), BiAert O((n®)") =0(n®). ANSAX
BERMARSAX, Bk RASAXEF T+,

.. Hardness of 01EQ and Subset sum
+ 3SAT < 01EQ
P

Q
BMNEBHF—AN3CNF AKX o B —MENFTALE, #F o THEALALRS FE
A 0/1 f#.

Ko HAnANEZE ), . .z, #mANT8C,...,Cpo T EFTHTE, KMALZEMK
JA 65 cong 95y 0

MTFENATOC =1, VI Vi), £ AXF (&, AL z): HMNFZ

EREL+l+1;>1 (B —AAFRE), £ O0IEQ ¥, &KMIIAANRIE F (slack
variables) y; 1,y; 9, CAVBRALIRF A {0,1}. HAKZT GHA A 4T & T4
(&A1 —12):

HF val(z;) = z;, val(z,) =1 — ;0

2 HT

o FElLlyly FA L2, A3AAA, MEefh 1,2, &K 3. KMT B LRFE
LYy, 1,050 (A 0,1, R 2) RFBET AL,



» Fa R LBy =0,y;, =00
» Ao 2Ry, =1,y;5 =00
» AR 3By =1,y = Lo
« EEAB (FH0), TREAO0—y;, —y.=1, TEye{0,1} HLMK.

R, 7HREERAMYELRSEENTHHBHL, ZHBEASZANNNE (G
REHTARERAMEXR)

¢ 3SAT < SSUM

p

Q

% 3CNF AR, RMNEBMBEES S = {y;, ...y} o BIRE T. £ATEA A+
BH AT (L4 K0S 4, DB RRE) RBDA R,

BiX o AnAEEFem ANTa. BAMMEGRFEAE n+miz. ATnfat gL
AR, B miixt T8 Yk,

1. M) F

« HTFEANALEE 2,
» BIEANK v; (RER 7, = 1) Fo 0] (REE 2, =0)
s, B RN 1, Ea, HANEANTE C R EE 1,
s v B iAEA 1, B, HANENT G C R agE e 1.

« MFEANT G Cp
» QB MRTEE 5151y, 5(9)0
» CMAELELEELA 0, RET S C; R ESHA 1421 (AR

A, BRIRRR)

2. M HART:

e ATz (EE42) B8R 1. KRBT TEA G, LHABFE o, Fo0) Fik
—A (BRIET ZRAEA — 8.

« Bmiz (Faiz) H—1242 3 (RIXAK KT 3).
» e R—ANF B L, A gz f TR 1,2, K3 RAETANLANALFA

£)o

- AVRBRFH s 1), 500, BT 14K 3, 24K 3, 3 MARE 2k,
» WmRFORBEL (Feh 0), PRET A RRELL KL 3,

XM, BAETHEFRAT SARY EEBL o GBI, EAMEIHER SR X0
9,

NP
% o X Bt 18] 7T Borii:

. polynomial-time verfiable F': {0,1}* — {0, 1} is polynomial-time verfiable if exists a
TM V with polynomial runnning time such that for any =z € {0, 1}*,F(z) = 1 iff exists t €

{0,1}*



{V(:v,t) =1

It| < poly(|z|)

H P AR A IE P AR AP de 3t T3S AT B A G 5t & — AN i A RAR, I IE ALV 4 B2 BRAE 2 & i 2
IR, 3SAT 3T &3V

Algorithm 3: Verifier for 3SAT

h NI A T

> Input:3CNF formula ¢ on k variables and with m clauses,string w € {0, 1}*
> Output:1 iff w is a valid assignment to the variables of ¢
for j € [m] do

> Let [, V Iy V I3 be the j-th clause of ¢

if w violates all three literals then

return 0

end
end
return 1

. NP
We say that F' : {0,1}* — {0, 1} is in NP if there exists some integer ¢ > 0 and V : {0,1}* —

{0,1} such that V' € P and for every z € {0,1}",
F(z)=1< Jwe {0,1}""s.t.V(zw) = 1

T A 9] AL &Y Hir N5 45

wA —/NE P (witness), 3 K & A2 2|49 % 7 KB |w| = n®

VAR =A% R X018 T 3t a9 30k o 30, 3 L ofewE A M i 1R T BiES A
A 0 K TIEL

¥ 8) IEPLNP R—AA RSB R RS 3T P 698 8,4 — AR A £ — AN IIEALT AE £ R
KB 18] A B 4E 1% % 2 T IE .

. Basic facts about NP

P C NP C EXP

Q & FeP XL HHV:

1 ifn=|z|and F(z) =1
0 otherwise

V(20m) = {

WTFeP¥HFV eP; 4z e{0,1}"%F(z)=10V(z0") =1.Wm&EF(z) = 0,1
Yw € {0,1}",V (zw) = 0. B ¥, 4a = 1(i.ew € {0,1}" ) MV & NP & L 9 &
t:

F(z) =1+ Jwe {0,1}""s.t.V(zw) =1

# I € NP.



Q

BE € NP,AV A —/Nih & NP & X 9% K69 50 X ) T 3 oy a9 A0 K89
RTAXMTARGFHE € {0,1}" @I AEFA G2 NFHFBw e {0,117
1BV (zw) R EH 1,8 T AL Flpoly(n) - 2™ = 0(2"a+1) NEEF (o) &N 1.

EF(z) =V(zw) = LWEE 1,%Vw,V(zw) =0NEF 1L ZHEELERS
exp(length) M % i 48 R E E 6922 & F (z)

Rl s 2, AR MR TR AIES ) TIED K AR 5 A X898 2 7T 7€ 493
P HE R I HALE R F R K] B

NP does not mean non-polynomial. % —/~F 4 F /£ NP 5 R A8 56 9 HL & 2 A H 89,55 2 &k
B ARSI,

theorem: 3SAT in P iff P = NP

NP-hardness and NP-completeness
Let G : {0,1}* — {0, 1} We say that G is NP hard if for every F' € NP,F' < G.
P

We say that G is NP complete if G is NP hard and G € NP.

Lemma: Let G be a NP-complete function.if G in NP,then P = NP

Cook-Levin theorem:

% Cook-Levin Theorem
For every F' € NP,F < 3SAT
p

R 3S AT B 3 T & — AN+ 5 457k 49 )8, F 55 L A5 XA 2 32 7 4935 AT 12 28 4 2%
LONGPATH,QUADEQ# R~ MAXCUTH & mi 49,

Q
IE B 8 i — AL 2 4 Tk
F < NANDSAT <3NAND < 3SAT
P P P
¢ NANDSAT problem

NANDSAT ?) 8 4 B 4 T HLI) 52 L
. iy NH — %k T —A NAND-CIRC #2509 F 55 % Q
< WE A 1iff Jw € {0,1}",Q(w) =1

A AT 4t



« NANDSAT € NP:NAND-CIRC 4% /7 K3t 7T VAL % 0 X A 18] 35 4T 7 ak,
« NANDSAT is NP hard: % &8 T iX & 23t 5.0 T F < NANDSAT(#&
p

NP hard # % )

Q

¢ 3NAND problem

3N AN D7) A2 45 B8 4m T ML 2 3L
s MINA—ANEERE 2y, 2,1} EOZHN XU UH E T M Aoz, =
NAND(z;, z,) % %) & #) AND.4=:

¥ = (23 = NAND(%, 25)) A (24 = NAND(z3, 21))
< A 1iff 3z € {0, 1}, B RTA 4R

TAERA R NANDSAT <3NAND
P

Q

Random Algorithm and BPP

% | X F I IE

» example

% XF X IE P AL 4 R AAdR %A

A

FUFF(z) = G(2) R E 3 FH A 69k .

. BT ik
- B R SR TTF (2) 3 51 50 7 3 45 2 5 G(2) 49 F $0E — AR X % 20 (d?) BT 17



» ARIIE:E T F(2) A dMRay, a2 R F(z) = G(2), I8 4G(a;) = 035 AT A ik 2, 30 1E PT A 4R
#%0(d?) ]
o ML T ik

Algorithm 4: Compare F and G

> input:F', G
> randomly choose a sample r from {1, ---, 100d}
> Compute F'(r) and G(r)
if F(r) == G(r) then
return 1
end
return 0

N

AT

» SBATEE:O(d), A H R Bt H— AN Lyl

I AR

- e RF(z) = Gz) £+ 5 2l 5

- R F(z) # G(z), % H(z) = F(z) — G(z),WH(2) 2R %A X, KKK S AdARERHA
A H(x)R % A AN H R B 09 BEE B R riS ST 2 H () 89 AR B9 1R %

o d 1
~100d 100

it E SR AERA, T A R E (L)

>

Pr[H(r) = 0]

4B [% & IR

» example

FE MR EISIERI A, AR =AM n x n 465 A, B,C.HI¥A- B=CRAERL

o BT ik
» B HA-BEZOMm®) AL Pw~ 2373 F L 5CF 8 T H ZA A
o FEAAL T ok

Algorithm 5: Matrix multiplication

1: > input:n X n matrix A, B, C
2: > randomly choose a sample r which is a n dimensional 0/1 vector
3: >Computep=A-(B-7¥)andq=C-7)
4: if p == g then
5: return 1
6: end
7: return0

N

DA

» BATE:0(n?), 0L 46 Z R 4E -0 & ok

A AR

- R A-B=CH k%A MmEEH

- WwRA - B+CAD=A -B—CMNDAIFREEFLEIHBOGF4AD 7 =03 TIER%E
%,

>



1

2

&ty -0 -7 V) &/Azﬁé;k*mk;}—f-r o RARERA A = ¢, W B A8 57,5 N < R
857 B %1&#%??%4&&(2) Bk = log, B ix BEE K n,H‘f 18] 7745 A O(n? log(n))

Pr[D -7 =0] <

Q
% DRAERIEN, ¥EDMHE—FERT BEHF 1T, TH dy,dy, -y d,, Hd;#
0 % FEA jo

BRitr, (ktj) Wi, £EENEE r,:

T CAB Rk

kg
ﬁfﬂi%s,ﬁﬁdr:—Sﬁﬁ*@r:—i(ﬂﬁd#Oh
WT o £ {0,1} LAOSH, IR EAGOBMERS A L.

ML H AR

¢ Randomized Turing Machine

FAUE R ALRARE B ALY, B H A ST X

_ J(aq1,01,dy)
0g,9) = {(42a027d2)

H— B AMENEERBTRANEALZ —.

A2 B &A1 A & NAND-TM Program, 7 m F ALAE 4
? = RAND()
XA 0 R 1 AMFOMERAL T 22 X4 36152 T RNAND-TM Program.

BPP

¢ BPP(Bounded-error Probabilistic Polynomial time)
FHHF : {0,1} — {0,1} €BPP, 4= R & & % T KXp(n)FoFEALE R ALM A& 4334 T BT A i N
z € {0,1}*:
. M#p(z|)F B
. Pr[M(2) = F(2)] > 2
Hb AR R M6y A 3R AL
7 1 éi%]'b(*’t\#%?’? +e,HFe > 0RMEEFHBIE L BT 5 HOR %, T AKs i 2 e
ﬁ#ﬁﬁﬁﬁﬁ



.. Amplification Lemma
MK B BARF : {0,1} — {0, 1} e R A A& % X0 W AR R MPF % 40 < 348433 T
iz € {0, 1}
Pr[P(z)=F(x)]>1-§
A 234 FAE & % Kq(n), 44 5T KH FIAUE 2 AP A 47
Pr[P’(z) = F(z)] > 1 — 29

Q
Mk P b AN RSB PR kR, REMMEAEAEE

5«

i)’rt Xz yg%‘éﬁ:ﬁ%, X’L = ]. %j‘_% /}\ié?jzéﬁﬂ:’lil)%gg%o mll E[X’L] Z ]. _60
A8=Y" X BMEES>E OURKIE S k% £,
M RFERFEX, H0< 30, BRBEARICGRE T %

Pr {S < g] < e ¢k

HEde>02%%K.
Tk = O(q(n)), BRT A RBEE 1T 200

BPP #3352 L: F € BPPiff 3G € P #2 % M Xp(n) 453 T Az € {0,1}*
2

re{oﬁgmw (Gle,r) = Fla)] 2 3

Hbra e,

Q
=% F € BPP, 1 ﬁ&ﬁﬁm@ RAUM A8 1 q(n) P ABE S 231 5L F H5 M &) AL 3 %0 40 H
FHEr € {0,119, 2 LG(z,r) A # 2 AR M (z) 1 A AL S réd ik <= R A £X
MG A F A EMEEr R B THG(z,r)

BPP 5 #b 7 £ X4y X R
PC BPPC EXP

Q

« P C BPP:A# & P ik R MU H ok 89 #1572 o R ALPE)
« BPP C EXP:4= & F € BPP, | & & % 30 X 18] ok A =T AR BT A 7T Ak 69 R AL % (46 4K
% AN, %t % Foki b X E 2 A5 S 1) 424 R A AT ]

BPPCP

poly



Q

X F € BPP, B2 K 3| 32, B e AMLH F A3 T Ax € {0,114 Aim = poly(n)/NEALIL 4%,
HegRmE T2

B e ANK En,Z SRR TR Er € {0, 1} THA Az € {0,1}" K ZH2 " - 2MmA
AL AEIF Az, r) B

B34 F A e € {0, 1) 40 h e A S ri HER 5 A
2n .27 2m = om

TP A AL R HF BLI A — AR E r R 33 T A A € {0,137, A(z, r*) AR E 4

XA Bl R r A AL B 2 38 F BAVF 2| —A S A XKD et F BRLF € B,

LA RSB

¢ Pseudorandom Generator

KRG :{0,1} £ — {0,1}" R —ANH KK FL < mAARGE—N(T, ) —hEA AL RS 4o R
S TFEZTEAMMMAL M X RSATHERC:

P =1]—- P =1 <
|, Pr [0GE) =11~ Pr [C0)=1<e

BG4 09 R ALAY T s K 047 & ) K 49 0 R 3 G(s) (Kom) BAFAEAT K/ AR T 89 .58 7,
ik K 9G(s) Ao JE R A S

. Optimal PseudoRandom Generator
do R HAHEAEREG : {0,1} — {0,112 He = 27¢ M AR A “F A AL A A& B,

P L AR, 55 T W04 49 RALEE 37 512045 49 00 EALME 32 7T A 34 31 49 1 K 4 &
(B A4 F RA M2, R 5 7 £ 24 KR 604 )

B
AL A R 5 5 K HALL

dr R A A % R KB IR T A R A R B G 2 {0,1}0008™) — {0,1}PeW(™) H e =1 F
%4 P = BPP,

Q X F € BPP, B#&%AXE L% AR m = poly(n) N4,
% AEAAERE G, BT AR F K A m B 2 O(logn).

A& AN £, BEHATRGFT s € {0,1}°08) (RH poly(n) 4,
i A(z;G(s)), BEHHHmd.
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